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Provide a detailed explanation of how limits are used to define continuity at a point.

A function f(x) is continuous at a point c if the following three conditions are met: 1) f(c) is
defined, 2) the limit of f(x) as x approaches c exists, and 3) the limit equals f(c), i.e., \( \lim_{x \to c}
f(x) = f(c) \).

Which of the following is not a type of discontinuity?

Removable
Jump
Infinite
Linear ✓

Discontinuities in mathematics typically include removable, jump, and infinite discontinuities. A
continuous function, however, is not a type of discontinuity.

Discuss the relationship between differentiability and continuity. Can a function be continuous but
not differentiable? Provide an example.
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Yes, a function can be continuous but not differentiable. An example is f(x) = |x|, which is
continuous at all points but has a sharp corner at x = 0, making it non-differentiable there.

Which theorem states that a continuous function on a closed interval takes on every value between
its minimum and maximum values?

Mean Value Theorem
Intermediate Value Theorem ✓
Fundamental Theorem of Calculus
Extreme Value Theorem

The Intermediate Value Theorem asserts that for any continuous function defined on a closed interval,
the function will attain every value between its minimum and maximum outputs. This theorem is
fundamental in calculus and analysis, illustrating the behavior of continuous functions.

What type of discontinuity occurs when a function has a hole at a point?

Jump discontinuity
Infinite discontinuity
Removable discontinuity ✓
Oscillating discontinuity

A hole in a function indicates a removable discontinuity, which occurs when a function is not defined at a
certain point but can be made continuous by appropriately defining it at that point.

Which functions have removable discontinuities? (Select all that apply)

f(x) = (x^2 - 1)/(x - 1) ✓
f(x) = 1/x
f(x) = (x^2 - 4)/(x - 2) ✓
f(x) = tan(x)

Removable discontinuities occur when a function is not defined at a point, but can be made continuous
by appropriately defining or redefining the function at that point. Functions that have holes in their graphs
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typically exhibit removable discontinuities.

Which of the following is a graphical indicator of continuity at a point?

A sharp corner
A vertical asymptote
A smooth curve with no breaks ✓
A cusp

A graphical indicator of continuity at a point is the absence of breaks, jumps, or holes in the graph of a
function at that point. This means that the function is continuous if the graph can be drawn without lifting
the pencil from the paper at that specific point.

What is the significance of the Intermediate Value Theorem in calculus?

The significance of the Intermediate Value Theorem in calculus is that it guarantees the existence
of a solution (or root) for continuous functions within a specified interval.

Which of the following scenarios demonstrate the Intermediate Value Theorem? (Select all that
apply)

A continuous function crosses the x-axis between two points. ✓
A continuous function reaches a maximum value within an interval.
A continuous function has a derivative that changes sign.
A continuous function takes on every value between two points. ✓

The Intermediate Value Theorem states that if a function is continuous on a closed interval, then it takes
on every value between its endpoints. Scenarios that show this theorem involve continuous functions
crossing a horizontal line at least once within the interval.

How can you determine if a function has a removable discontinuity? Provide an example.
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To determine if a function has a removable discontinuity, check if the limit of the function exists
at the point of discontinuity and if it can be defined to match that limit. For example, the function
f(x) = (x^2 - 1)/(x - 1) has a removable discontinuity at x = 1, since it can be simplified to f(x) = x +
1 for x ≠ 1, and the limit as x approaches 1 is 2.

Explain the difference between pointwise continuity and uniform continuity.

Pointwise continuity means that for every point in the domain, for every epsilon, there exists a
delta such that if the input is within delta of that point, the output is within epsilon of the
function's value at that point. Uniform continuity, on the other hand, means that the same delta
can be chosen for the entire domain, ensuring that the function behaves continuously in a
uniform manner across all points.

Describe a real-world scenario where the concept of continuity is crucial.

In a hospital setting, continuity of care is essential for patients with chronic illnesses, as it
ensures that they receive consistent treatment and follow-up, reducing the risk of complications
and improving overall health management.
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Which of the following statements about continuous functions are true? (Select all that apply)

Continuous functions can have sharp corners.
Continuous functions cannot have jumps. ✓
Continuous functions are always differentiable.
Continuous functions have no breaks or holes. ✓

Continuous functions are characterized by their property of having no breaks, jumps, or holes in their
graphs. Key properties include that they can be defined on closed intervals and that the Intermediate
Value Theorem applies to them.

What is the primary condition for a function to be uniformly continuous on an interval?

The function is differentiable on the interval.
The function is bounded on the interval.
The function is continuous on the interval. ✓
The function has a constant rate of change on the interval.

A function is uniformly continuous on an interval if, for every positive number ε, there exists a positive
number δ such that for all pairs of points within the interval, if the distance between the points is less than
δ, then the distance between their function values is less than ε.

Which of the following functions are continuous everywhere? (Select all that apply)

f(x) = x^2 + 3x + 2 ✓
f(x) = 1/x
f(x) = e^x ✓
f(x) = sin(x) ✓

Continuous functions are those that do not have any breaks, jumps, or holes in their graphs. Common
examples of functions that are continuous everywhere include polynomial functions, exponential
functions, and trigonometric functions like sine and cosine.

Which of the following functions is always continuous?

Polynomial functions ✓
Rational functions
Piecewise functions
Trigonometric functions
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Continuous functions include polynomials, exponential functions, and trigonometric functions, which do
not have any breaks, jumps, or asymptotes in their graphs. Among these, polynomials are a common
example of functions that are always continuous for all real numbers.

Which of the following are characteristics of a uniformly continuous function? (Select all that apply)

The function is continuous over a closed interval. ✓
The function's rate of change is constant.
The function does not have any jumps or breaks. ✓
The function's continuity does not depend on the interval's size. ✓

Uniformly continuous functions maintain a consistent rate of change across their entire domain, meaning
that small changes in input result in small changes in output, regardless of where in the domain the input
is taken. This is a stronger condition than regular continuity, which can vary at different points in the
domain.

What is the definition of continuity at a point for a function?

The function has a derivative at that point.
The function is defined at that point.
The limit of the function as it approaches the point equals the function's value at that point. ✓
The function is increasing at that point.

Continuity at a point means that the function is defined at that point, the limit of the function as it
approaches that point exists, and the limit equals the function's value at that point.

If a function is not continuous at a point, what can we say about the limit at that point?

The limit does not exist.
The limit exists but does not equal the function's value. ✓
The limit equals the function's value.
The function is differentiable at that point.

If a function is not continuous at a point, it means that the limit at that point may not exist, or it may exist
but not equal the function's value at that point. Therefore, we cannot definitively conclude anything about
the limit solely based on the lack of continuity.

What are necessary conditions for a function to be continuous at a point c? (Select all that apply)

f(c) is defined. ✓
lim (x -> c) f(x) exists. ✓
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lim (x -> c) f(x) = f(c) ✓
f(x) is differentiable at c.

For a function to be continuous at a point c, it must satisfy three conditions: the function must be defined
at c, the limit of the function as it approaches c must exist, and the limit must equal the function's value at
c.
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